
Quadratic counts of
rational curves on

a quintic 3- fold

using Marc Levine 's quadratic
version of Bott 's residue formula



Conjecture (Clemens 1984 ) : 11--9-1=-03
hit degrees

A general quintic hypersurface in P " contains only

finitely many smooth rational curves of degree d.

true for
'

dell
,
unknown else

How many ?

d=1 ( lines ) : 2875

d=2 (conics ) : 609 250 Kate 1986

d=3 ( twisted cubics) : 317206 375 F-Uingsnd - Stromme 1954

formula for general d by Candelas - de la Ossa - Green ( 1991 )

proved by Girental 49961
,
Lian - Liu - Yau 49971



How to count rational curves of degree de 3

on a quintic 3- fold degrees
qp
"

Vector bundle ✓
✗ = { É=o} defines

d)of a section of of
moduli space →µof smooth ✓→ µ
rational curves

of degree d in P"
Euler

e. g. d -4 1911,47 class

d
# rational degree d

= # zeros of of = degree @ (b)
curves on ✗

Goal : Find an efficient method to compute deg eat .



Equivariant cohomology
Gnu ✗ • G algebraic group scheme 1¢

• ✗ algebraic variety /a

F- 9 → 139--1=-919 Example :

T ✗
classifying space • G=Q*contractible

with free G-action

✗ g :-.
EE HICptl-HYBGI-HTCPM-z.lt]
le -glance , g-×)

• G=¢tyn
HEIN := A. cxg ) Hcicptl = 2ft , , . . .tn]

For ✓ → ✗ G- vector bundle

→ vector bundle Va → ✗ g each := e ( Vg )



Theorem ( Bott 's residue formula ) G =
* 1$

Gnu ✗ with finitely many fixed pts p , , - , pn ,
✗ c- It;CX)

a

smooth

deg ✗ = £ deg iÑ✗
proper

variety 5=1 eqltpjx )

✗ c- H; C ✗ I ¥ HE Cptl = 11-41391 - Rft , , . . ,ts ]

ñ✗ : ✗ → lpts dega := IT✗* a c- 11-41397

iii. ✗ c- It ;4p ;D
rip; :{pit ↳ ✗



Bott's residue
deg ✗ = £ deg iPF✗

formula j= , eqltpjxl

Goal : Compute deglecv ))

✗ ✗ a elhc-i-i-qgjeo.CH
txt tñxa → 1T¥ tñxa . I
pt BG H4pt ) É

HTBGtdegeo.lv/degecvTcG--(cqn+1
Example : ✗ ( ICP " ) = deg ( e- ( TERNI ) = deg egctclph)
④

☒ 1
" "
AICP" with fixed pts of the form [0 :

. . .

:O :| :O . . .
:O]

deg egltcpn ) = E deg EÉ¥, = # fixed pts = ntlP



Example :# lines on a quintic 3- fold = deg elsymn 55-11911,4) )

9=4*151 QIP " → ¢015 A 1911,41
A

1-171391=74 to , - , -41
has ⑤ 1=10 fixed pts { ✗ i=✗j=✗e=o

Easier :E deg / %!¥;¥,4,1--2875 # lines onfixed pts a cubic

P surface

Example : # rational curves of degree de 3 on a

= 27

quintic 3- fold
= deg eglvl = { 609250 d=2

317206375 D= } ( F-Uirgsnd - Stromme)



Grothendieck - Witt ring GWCKI of a field K chart -1-2

Gwch) := group completion of semi - ring of isometry classes

of non - degenerate quadratic forms / K
=<Ñ ' a✗i="aÑÑ g- i. V,

-7K

generators < a > = for ac-kkkxfqi.ve -7K
relations 1) < a > < to > = < ab > q,⑦qi4⑦K→K

④ ④
2) < a > + < b > = <atb> + Lab (atb ) >

3) < a > 1- C- a > = < I > + c- I > = : h hyperbolic form

Witt ring of k
g-
( ✗ ri - r , ✗ n /

win :-. 91¥" -- 51¥ = anxitaexit.r.tq.in

Example :
• GWC d) I 7L WC f) I 74221
• GW CIRI E 2×72 W CIRI -5 7L



Enumerative geometry =
count numbers of solutions to

geometric questions
Example : Count of rational curves of degree d on a

quintic 3- fold
.

• count does not depend on choice of quintic 3- fold when

counting over k=Ñ

• this invariance breaks down over non - alg closed fields

At
'
- enumerative geometry = get invariant count over arbitrary

k when
"

counting
"
in Gwch ) or WCK )

Example : ( M
.

Levine
,
P
.
)

Quadratic count of lines on a quintic 3- fold

1430
' h -115.417 c- Gwchl or 15<17 c- WCK )

in GWCQIEK this is 1430.21-15=287-5



Cohomology with Witt valued coefficients
• W sheaf on Smk

← cat of smooth varieties /µ

• can take cohomology with coefficients in this sheaf

eg Hot Speck ,W)=WCkl• have pullback
• proper push forward with twists

H'
•

( ✗
,
wcwxw.lt → It ☒ ( Y ,W(Wyatt

• have equivariant cohomology ( A. d '

Angelo )

Theorem ( Ananyevskiy ) : Recall :

Hoc Bet ) =7L[t]
H*lBSLz

,
WI = WIKI [ t ]

H•CBQ☒=WCk )



Bott 's residue formula for cohomology with Witt coeff
Thin ( M

.

Levine ) variety /K

1) G = e)
" AX for ✗

←
"
nice

"

with finitely many fixed pts

21 G=N= normalizer of team in s ,?
É ' )

Gnu ✗ with finitely many fixed pts

Then for ✗ c- Hq*( ✗ ,
Wcwx /all

deg ✗ = E des
× )

p fixed pt



Quadratic count of rational curves of degree ds3

D= 1 : G= ↳ 12 I 1134

→ Got ¢11,41 has 2 fixed pts h={✗z=✗z=✗
and 12--1×0--1=4-1--0

el Syms5) c- H
* ( GC 1,47 ,W( def

- '
Symssv ) )

arecaging
112 orientable "

Ha ( ¢11141,21wqci.cn/U)degeacsyms-sm--degEifEaY?I#+dege;!¥¥÷
A

1-145847,01 = 15 - a > t.tt?--Iy+l5cDti.tzCti-tij-- 15<1 > c- WIN

"

Wchl [-4,1-2]



d--2,3 : NAM

with finitely many fixed pts

ecv ) c- Halil
,
Wldet - ' V ) )

112

Hath ,W( detrain

degen ( V1 = {
0 d--2

765 .LI?d--3lt-evine - P . )

k- IR < I >
,
e- I >

317206375



THANK

YOU !


